We consider the coupled electromagnetic waves propagating in a waveguide array, which consists of alternating waveguides of positive and negative refraction indexes. Due to zigzag configuration there are interactions between both nearest and next nearest neighboring waveguides exist. It is shown that there is a stop band in the spectrum of linear waves. The system of evolution equations for coupled waves has the steady state solution describing the electromagnetic pulse running in the array. Numerical simulation demonstrates robustness of these solitary waves.
I. INTRODUCTION
Recently new applied physics field is referred to as transformation optics develops [1] [2] [3] [4] [5] [6] . The transformation optics owes its origin to the artificial materials -metamaterials, which are featured by unusual electrodynamics properties [7] [8] [9] [10] . For instance these media are characterized by a negative refraction index (NRI) when the real parts of the dielectric permittivity and the magnetic permeability are simultaneously negative in a certain frequency range.
The negative refraction in metamaterials manifest themselves when the wave passes through the interface between such medium and a conventional dielectric or in the case of the surface waves [11, 12] . The novel kind of nonlinear interaction of the guided waves can be realized in a nonlinear oppositely-directional coupler [13, 14] . This coupler consist of two tightly spaced nonlinear/linear waveguides. The sign of the index of refraction of one of these waveguides is positive and the index of refraction of other waveguide is negative. The opposite directionality of the phase velocity and the energy flow in the NRI waveguide facilitates an effective feedback mechanism that leads to optical bistability [15] and gap soliton formation [14, 16] .
The optical waveguide array provide a convenient setup for experimental investigation of periodic nonlinear systems in one dimension [17] . Nonlinear optical waveguide arrays (NOWA) are a natural generalization of nonlinear couplers. NOWA with a positive refractive index have many useful applications and are well studied in the literature (see for example [18] [19] [20] ). If the sign of the index of refraction of one of waveguides in NOWA is positive and the index of refraction of other neighboring waveguide waveguide is negative the alternated NOWA will be obtained [23] [24] [25] .
Usually the coupling between nearest neighboring waveguides is taken into account. It is correct approximation for strong localized electromagnetic wave in waveguide. However, the coupling between both nearest neighboring waveguides and the next nearest neighboring ones can be introduced by the use of a zigzag arrangement [21, 22] . Let ϑ b is an angle between the lines connecting the centers of neighboring waveguides. In a linear array this angle is π. In a zigzag like array at ϑ b ≈ π/2 the coupling between the nearest neighboring waveguides and the next nearest neighboring ones is approximately the same. Nonlinear optical waveguide zigzag arrays (NOWZA) can be considered as generation of NOWA.
In this paper we will consider nonlinear optical waveguide array that looks like zigzag array discussed in [21] . However in the case under consideration the refractive indexes of the neighboring waveguides have a different sign arXiv:1304.7962v1 [physics.optics] 30 Apr 2013 (Fig. 1 b) . The dispersion relation of the linear wave will be determined. We suppose that only waveguides with PRI are manufactured from cubic nonlinear dielectric. Steady state solitary waves of the particular kind will be found. Numerical simulation of the steady state waves collision will be used to illustrate the robustness of these solitary waves.
II. THE MODEL FORMULATION
Let us assume that waveguide marked by index n is characterized by positive refractive index (PRI), the nearest neighboring waveguides with indexes n − 1 and n + 1 possess negative refractive index. If the electromagnetic radiation is localized in each waveguide the coupled wave theory can be used. In the case of the array which is prepared in the form of line (i.e., all centers of waveguide placed on one line), only the interaction between the nearest neighboring waveguides is essential. In this configuration the angles between the lines connecting waveguides are equal π. However, if the array is deformed in the form of zigzag, where the angles between the lines connecting waveguides are equal approximately 2π/3, interaction between both the nearest neighboring and the next nearest neighboring waveguides will be important [21] .
The system of equations describing the wave propagation in a nonlinear zigzag waveguide array with alternated sign of refractive index reads as i ∂ ∂ζ + ∂ ∂τ e n + c 1 (e n+1 + e n−1 ) + +c 2 (e n+2 + e n−2 ) + r 1 |e n | 2 e n = 0,
where e n is the normalized envelope of the wave localized in n-th waveguide. Coupling between neighboring PRI and NRI waveguides is defined by parameter c 1 . The parameter c 2 (c 3 ) is coupling constant between neighboring PRI (NRI) waveguides. The all functions e n (ζ, τ ), independent variables ζ, τ and other parameters are expressed in terms of the physical values represented in [23] . We will assume that NRI waveguides are linear ones (r 2 = 0). The configuration of these alternating waveguides will be remarked as asymmetric alternating nonlinear optical waveguide zigzag arrays (ANOWZA).
III. LINEAR PROPERTIES OF THE ALTERNATING WAVEGUIDE ZIGZAG ARRAY
let us consider the case of the linear waveguides combined into zigzag alternating waveguide array. This optical system is described by following equations
To find the linear wave spectrum we can employ the presentation of the envelopes in the form of harmonic waves
Substitution of this expression in (3) and (4) leads to a system of the algebraic linear equations respecting A and B. Nonzero solutions of these equations exist if the determinant
is equal to zero. Here the parameters γ 1 = 2c 1 cos φ, γ 2 = 2c 2 cos 2φ, and γ 3 = 2c 3 cos 2φ were introduced. This condition results in equation
Thus, we obtain the dispersion law for linear waves in linearized ANOWZA
Expression (5) shows that (a) the forbidden zone (gap) in spectrum of the linear waves exist ∆ω = 2γ 1 , (b) spectrum is shifted along both frequency axis and wave numbers axis, (c) the form of spectrum likes the spectrum for linear oppositely-directional coupler [14, 23, 25] . The gapless spectrum appears only when condition φ = π/2 is hold. In this case the radiation propagates along waveguides with the same refractive indexes. Energy flux between neighboring waveguides is zero.
IV. NONLINEAR WAVES IN ANOWZA
The simplest approximation is based on following ansatz
where A and B are the envelopes of the quasi-harmonic waves. It allows to do reduction of the equations (1)- (2) and to obtain the equations
At φ = π/2 this system of equations is splitting in two independent equations. At φ = π/4 (6)- (7) is transformed to that, which was considered in [13, 14] .
Real amplitudes and phases can be introduced by means of the formulae A = a 1 exp(iϕ 1 ) and B = a 2 exp(iϕ 2 ). The system of equations (6) and (7) can be represented in the real form:
where Φ = ϕ 1 − ϕ 2 .
A. Steady state waves
Among the different kinds of the waves the steady state waves attract attention. These waves correspond to solution of the wave equation depending only one particular variable. Let this variable be
where β is parameter that defines the group velocity. If we introduce new envelopes u 1 and u 2 , according to formulae u 1 = √ 1 + βa 1 u 2 = √ 1 − βa 2 , then u 1 , u 2 and Φ are governed by following equations
where
From equations (8) and (9) the first integral of motion follows
If both parts of (10) multiply on u 1 u 2 cos Φ and take into account (8) and (9), then the second integral of motion can be obtained
In depending on the boundary conditions the different solutions of the equations (8)- (10) can be found. Any of these solutions will be describing the steady state waves.
B. Solitary waves
Solutions of the equations (8)- (10) under boundary conditions u 1,2 → 0 at |ξ| → ∞ correspond with steady state solitary waves. According to the boundary conditions the constants C 1 and C 2 of (11) and (12) are zero. Hence
The system of equations (8)- (10) with taking into account u 2 = εu 1 can be reduced to the following one
Taking into account the second integral of motion the equation for u 1 is represented as 
= 4∆
2 (w − w 1 )(w + w 2 ), where
.
Integration of the last equation for w can be done (see [14] ). It results in
where ξ 0 is a constant of integrating. Thus, we have
In term of original variables the functions u 2 1,2 (ξ) can be written as
So, the real envelopes of the solitary wave propagating in ANOWZA are presented by following expressions
The phase difference Φ evolves according to expression
where auxiliary function
1 + ae X0 , and the argument X 0 = 2∆(ξ − ξ 0 ) were introduced.
Due to that at ξ → −∞ the derivative ∂u 1 /∂ξ to be positive, the value of the Φ(−∞) has to equal επ/2, where ε = ±1.
C. Algebraic solitary waves
The solutions of the equations (8)- (10) describe the exponentially decaying wave fronts. However some times the solitary waves can be decreasing as ∼ 1/ξ 2 . The solutions (14)- (15) are characterized by parameter ∆, which can be set to zero in limit of |δ| → 2. Since, the solutions found here are correct if −2 < δ < 2. However, on the boundaries of this interval we have to refine behavior of the solitary waves. Let us consider the function u 2 (ξ) near little values of ∆. At ∆ 1 from (13) it follows
Near left boundary of the interval for permissible value of parameter δ, the function u 2 (ξ) can be found using the substitution δ = −2 + ε, where ε 1. It is follows
Near right boundary of the interval for permissible value of parameter δ by the use the substitution δ = 2−ε. It results in following expression
Thus, when parameter δ runs to −2 the solutions of the equations (8)- (10) take the form of the algebraic soliton
Here β 1 corresponds with δ = −2. If δ runs to +2, the amplitudes of the waves (8)- (10) are equal to zero.
V. LIMITATION OF THE VELOCITY PARAMETER β
The velocity parameter β is limited due to condition |δ| ≤ 2. With the definition
we can introduce function
It is odd function of µ. Hence the condition |δ| ≤ 2 will be held in intervals µ − ≤ µ ≤ µ + and −µ − ≥ µ ≥ −µ + , where µ − and µ + are positive roots for equation |F (µ)| = 2. For positive µ if min F (µ) ≤ 2 the real roots exist. We can find that the function F (µ) attains extremum at µ = ± γ 2 /γ 3 . If µ is positive value then this extremum is minimum, else if µ is negative one the extremum is maximum. The value of the function F (µ) at µ = + γ 2 /γ 3 is 2 √ γ 2 γ 3 . Thus the solitary waves are
From the definitions of parameters γ 1,2,3 it results in γ 2 γ 3 = 4c 2 c 3 cos 2 2φ. In discussed model the coupling coefficients c 1,2,3 can be made positive ones. Hence, the product γ 2 γ 3 is positive too, or is equal to zero at φ = π/4. Parameter δ can be represented as
It follows that the phase shift for complex envelopes in neighboring waveguides defines the sgn δ. For example parameter δ will be negative one in intervals π/2 < φ < π and 3π/2 < φ < 2π. If µ > 0 the roots of equation F (µ) = 2 take the following form
The boundary of interval for permissible values of the velocity parameters β ± are determined by the expression
For example, let us assume that γ 2 = γ 3 = 0, 5γ 1 . In this case we have It should be pointed that if the next nearest neighboring waveguides are not coupled as in [14] , then steady state waves exist for |β| < 1.
VI. NUMERICAL SIMULATION OF THE SOLITARY WAVES COLLISIONS
To demonstrate stability of the solitary waves corresponding with the system of equations (6) and (7) the collision between two solitary waves has been simulated. The real envelopes were taken as (14 and 15). The real phases corresponding them were chosen as following ones
The arguments ζ j τ j define the initial position of the j-th solitary wave.
To produce a collision between two solitary waves we used solutions of the equations (6) and (7) with parameters β = 0.4 and β = −0.4 as initial conditions for these equations. The pulse with β = +0.4 was located at ζ = 50 and pulse with β = −0.4 was located at ζ = 0. The coupling constant γ 1 was set as unite. For simplicity the coupling constants γ 2 and γ 3 are assumed equal, i.e., γ 2 = γ 3 .
The case of the linear chain of the alternating refractive indexes waveguide array corresponds to waveguide system with (γ 2 = γ 3 = 0). Collision between two solitary waves is represented in Fig.2 (see also [14] ). Figures show that collision is elastic.
We found that the collision between counter propagating pulses is elastic for the coupling constants The steady state pulses collision does not generate the radiation if the coupling constants γ 2 = γ 3 are taken from interval [0. 21, 0.3] . However the velocities of the scattered pulses can be strongly varied with respect of initial values.
Also we had considered the interaction of the incident solitary wave corresponding to β = 0.4 with quasiharmonic wave. Initial incident pulse was located at ζ = 50, the quasi-harmonic wave was generated at ζ = 0. This wave is described by following expression where ω bg is the frequency of modulation, f 0 is the amplitude of this plateau like pulse. Numerical simulations have been proposed for 0.1 ≤ f 0 ≤ 3 and 0.7 ≤ ω bg ≤ 3.
It was found that initial steady state solitary wave is extremely prone to damage if the coupling constants γ 2 = γ 3 are less than 0.05. Fig.9 shows the propagation of incident pulse trough quasi-harmonic wave (19) at f 0 = 1.5 and ω bg = 0.7 and at γ 2 = γ 3 = 0. For the comparison the propagation of incident pulse trough the same quasiharmonic wave at γ 2 = γ 3 = 0, 01 is shown in Fig.10 . There is no fundamental difference between this case and the case of more high frequency quasi-harmonic wave Fig.  11 .
VII. CONCLUSION
The propagation of electromagnetic solitary wave in zigzag positive-negative coupled waveguide array is investigated. Coupling between both nearest and next nearest neighboring waveguides is the characteristic feature of this waveguide system. Alternate positive and negative refractive indexes result in the gap in linear waves spectrum. That is dissimilarity from a convenient waveguide array.
The nonlinear waves were considered under assumption that NRI waveguides are linear ones and PRI waveg- uides are manufactured from the cubic nonlinear dielectric. Furthermore, we took hypothesis that the phase difference between neighboring waveguides is constant. It allows to reduce the infinite system of equations to system of two equations and to find the steady state solutions of them.
The characteristic coupling constant for ANOWZA can be controlled by the angle between the lines connecting the centers of neighboring waveguides ϑ b . The numerical simulation of the collision between two steady state solitary waves shows that complicated picture of the interaction is depended on coupling constants which are characterized coupling between the next nearest neighboring waveguides. Thus the angle ϑ b is control parameter for nonlinear waves in ANOWZA.
